Our recent work has described a framework for matching solid of mechanical artifacts models based on scale-space feature decomposition. In this work we adopt a method of comparing solid models based on Multiresolutional Reeb Graphs (MRG) similarity computations. This method was originally proposed by Hilaga et al. in [1]. Reeb Graph technique applies MRG structure to comparisons of approximate models found in the graphics community, such as polygonal meshes, faceted representation and Virtual Reality Modeling Language (VRML) models. First, we provide a brief review of shape matching using Multiresolutional Reeb Graphs and present an approach to matching solid models. Second, we show the performance of the Reeb Graph technique when handling primitive CAD models, such as cubes and spheres; then we perform experiments with more complex models, such as LEGO models and mechanical parts, and we discuss Reeb Graph technique's performance on complex CAD models. Third, we emphasize several problems with the existing technique. Finally, we conclude with discussion of future work.
Introduction
Diversity of current representation formats for ComputerAided Design models is a serious problem. Constructive Solid Geometry (CSG) and Boundary Representation models (BRep) serve as a foundation for most modeling systems and applications. While BReps dominate the CAD industry, the mathematical details of the representation vary widely by system. Hence, even when data translation (via, for example, STEP AP 203) works well, there is little guarantee that the resulting solid models can be directly compared.
There are two main types of BReps in commercial CAD environment that are the most common. They are NURBS-based BReps (e.g., SDRC, Pro/E, where NURBS are the primary internal representation) and those dominated by Analytic Surface BReps (e.g., Parasolid, ACIS, where analytic surfaces co-exist with NURBS). Comparing CAD models for indexing across these formats can be very difficult, requiring a considerable number of special-case algorithms for each representation. Even if we work with a STEP AP 203 version of a simple shape, such as a unit cube, the internal representations coming from different systems can be radically different and very hard to compare.
A long-term goal of our work is to develop uniform methodologies to interact with CAD data in engineering information management systems. We have done an extensive research to provide solutions for the following problems in model matching and retrieval: indexing based on design features, indexing based on manufacturing features and indexing based on model topology. For each of the above techniques, we assumed homogeneity of representation. More recent work that we performed was based on matching approximate models using shape distributions and scale-space feature decomposition. In case of approximate models, such representations could be obtained from broad range of formats, including the ones for CAD data. Our new approach is based on a Multiresolutional Reeb Graph representation of faceted or polyhedral models.
A multiresolutional Reeb Graph structure is a 2D characterization of 3D shape based on predefined function µ that reflects -Resample edges until the appropriate number of points is reached -Calculate µ-values defined in [1] -Construct Multiresolutional Reeb Graphs based on µ-values -Compare MRGs using the method described in this paper • Perform empirical validation to determine if shape distribution-based techniques can be used to answer engineering questions. In this paper, we consider an elementary set of tasks: (1) sensitivity of the algorithm to topological and geometrical features of models, (2) dependence of comparison accuracy at different refinement resolutions and (3) automatic inference of part categories and clusters. This paper's main contributions include a methodology for comparing solid models based on Multiresolutional Reeb Graphs that works regardless of the underlying BRep modeling representation. Additional contributions of this work include introduction of novel refinements to general shape distribution techniques that enhance their discrimination abilities and enable us to answer meaningful CAD and engineering questions.
Related Research
Our research aims to bring information retrieval to CAD databases, enabling them to have indexing and query mechanisms like those beginning to be found in multimedia databases and knowledge management systems. We touch on some of the past work in this area, as well as on work from computer graphics and computer vision that are related to the work in this paper.
Comparing Solid Models
The literature in this area is rather brief, consisting of results from engineering, computer science and, in particular, computer vision communities. Elinson et al. [2] used feature-based reasoning for retrieval of solid models for use in variant process planning. Cicirello and Regli [3, 4] examined how to develop graph-based data structures and create heuristic similarity measures among artifacts; this work was extended in [5] to manufacturing feature-based similarity measurement. More recently, McWherter et al. [6] [7] [8] have integrated these ideas with database techniques to enable indexing and clustering of CAD models based on shape and engineering properties. Also, an approach of using feature and topology information to compare 3-D solid models was introduced in [9] . Other recent work from the Engineering community includes techniques for automatic detection of part families [10] and topological similarity assessment of polyhedral models [11] . Finally, a group in Heriot-Watt University, England is working towards creation of a 3D Search Engine for solid models. 1 
Comparing Shape Models
The computer vision and computer graphics research communities have typically viewed shape matching as a problem in 2D. This has changed in the past several years with the readily availability of 3D models (usually meshes or point clouds) generated from range and sensor data. A considerable body of work has emerged to interrogate acquired datasets: Thompson et al. [12] examined reverse engineering of designs by generating surface and machining feature information from range data collected from machined parts. Jain et al. [13] performed some work to index CAD data based on the creation of "feature vectors" from 2D images. The 3D-Base Project [14] converted CAD models into a voxel representation, which was then used to perform comparisons using geometric moments and other features. Sipe, Casasent and Talukder [15] [16] [17] used acquired 2D image data to correlated real machined parts to CAD models and perform classification and pose estimation. Osada et al. [18] presented a method for matching 3D topological models using probability distributions of samples from a shape function acting on the models.
The approach of Hilaga et al. [1] is the most related to our research. This method creates an abstraction of the 3D model as a Multiresolutional Reeb Graph representation, which is constructed using values of a predefined function µ that reflects features of the model. Then, the measure of the similarity between two models is determined by measuring the similarity between their Multiresolutional Reeb Graph representations. In their work they use a function based on the geodesic distance as µ. That is, µ(v) is defined as a sum of the geodesic distance from point v to all points on the surface S. Their database is a set of over 230 VRML shape models, mostly obtained from the Viewpoint models, 2 the 3DCAFE free stuff 3 and the Stanford University dataset. 4 In general, shape matching-based approaches only operate on the gross shapes of a single part and do not work directly on solid models or with semantically meaningful engineering information (i.e., manufacturing or design features, tolerances). Retrieval strategies are usually query-by-example or query-bysketch paradigms. The Princeton 3D shape database that has been used in a number of these studies [1] contains mainly models from 3D graphics and rendering and not any models that are specifically engineering, solid modeling or mechanical CAD oriented.
Review of the Reeb Graph Technique for matching CAD Models
We have implemented Hilaga's technique described in [1] . This technique uses Multiresolutional Reeb Graphs to compare 3D shapes. The authors of this paper define a Reeb Graph as topological and skeletal structure for an object of arbitrary di-mensions. A Reeb Graph structure is often used in Topology Matching to represent the features of a 3D model.
Algorithm Overview
Given a model M and its polygonal mesh T , a Reeb Graph is a topological and skeletal structure for a 3D shape. More precisely, let µ : M → R be a continuous function defined on the model M. The Reeb graph is the quotient space of the graph of µ in M × R formed by the equivalence relation (X 1 , µ(X 1 )) ∼ (X 2 , µ(X 2 )) which holds iff µ(X 1 ) = µ(X 2 ) and X 1 and X 2 are in the same connected component of µ −1 (µ(X 1 )). The basic idea is that the Reeb graph partitions the boundary of M into classes of contiguous subsets of points. These subsets are determined by the µ function-where different µ functions induce different partitions of the topology of M (as approximated by T ). The nodes in the Reeb graph are generated from the partitioning and the connectivity of the Reeb graph node comes from the relationships (i.e., adjacency) among the classes of point set. In this way, matching shapes becomes a problem of comparing the Reeb graphs that result. Because these graphs might contain intractably many nodes, a Multi-Resolution Reeb graph abstracts the shape properties at several levels of detail, creating a hierarchy of graphs suitable for DAG-based matching techniques.
The process is shown in Figure 1 using results from our implementation of this technique. The colors in the figures indicate different values of µ; matched regions on parts are shown in the same color. We also talk about the most important aspects of the algorithm and provide several implementation details of the technique below.
Construction of Multiresolutional Reeb Graph
First, values of function µ(v) is calculated for each point on the model. The value µ(v) is the sum of all geodesic distances from point v to all other points of the model.
where the function g(v, p) returns geodesic distance between points v and p, V is the set of all points in the model. We approximate values of µ using
where {b i } is the set of vertices in the base area with the base 
We begin constructing finest resolution of MRG with dividing our range of µ n function into K different ranges. Each connected component that lies in a range slice become one node. Edges are created between the nodes if a connected component lies in two adjacent ranges. We construct coarser resolutions in MRG by merging adjacent levels of µ n -ranges and unifying connected nodes in to one. The process stops when only one level is left. Therefore, the number of resolutions in MRG is determined by the number of mu n -ranges K in the finest resolution.
Two attributes α(m i ) and l(m i ) are assigned to each node m i in Multiresolutional Reeb Graph. Hilaga et al. use the following to define these attributes:
where area(m) is the area that is taken by triangles in m; area(S) is the area of the whole object S; and rnum is the resolution number in Multiresolutional Reeb Graph.
where
and min(m) and max(m) are the minimum and maximum values of µ n (v) in m.
Matching Algorithm
Matching of models S 1 and S 2 is done in coarser-to-finer manner. At every iteration, the best matching pair of nodes m i ∈ S 1 and m j ∈ S 2 is chosen and nodes that correspond to m i and n j in the higher resolution are added to search list. When all such pairs are obtained, similarity value between S 1 and S 2 is computed using
where P is the set of all matching nodes in S 1 and S 2 . sim(m, n) is the function that returns similarity value between nodes m and n: (8) where w(0 ≤ w ≤ 1) controls the weighting of area and length parameters.
Implementation Details
In our implementation we use approximation described in [1] using coefficient 0.0005 (as opposed to 0.005 that is the work by Hilaga). Therefore, radius of each base area was computed using formula:
The resolution of the Multiresolutional Reeb Graph in our implementation was seven. In other words, we obtained seven layers of graphs for each model. Also, we used w = 0.5 to control the weight of α(m) and l(m) parameters in 8.
In the experiments with models that were created using a Sat2Vrml 5 translator, we omitted calculations of short-cut edges, since those models do not require such addition.
Experimental Results
We performed a number of experiments using different sets of the models. Each test we conducted, gives us valuable information on technique's performance with solid models. Details of our experiments are described below. 
Cubes -Holes
Hypothesis. The first experiment that we performed was designed to test the performance of the algorithm under minor topological variations. The main idea was to establish how the technique behaves when simple features (such as holes) are added to the model (cubic or brick-shaped).
Dataset 1.
We created 16 cube models using ACIS and translated them into VRML format. Each cube had different numbers of holes (1, 2, 3 or 4 holes). Holes were made with different radius size, but each model would get all holes with the same radius. Then, we organized these models in to four groups by the number of holes in each model. A picture of one of the cube models from the constructed dataset is shown in Figure 2 (a).
Dataset 2.
We designed another dataset of 11 models using ACIS. Each model from this dataset has a brick like shape and zero to four holes in different places. We obtained one model with no holes, four models with one hole, three models with two holes, one model with four holes and two models with three holes. Examples of these models can be found in Figure 3 (a, b) . We grouped these models by the number of holes in them.
Results. Using Reeb Graph technique, we resampled models from both datasets and performed a one-to-one matching for each possible pair of the models in its own dataset. Based on the results, we constructed the distance matrices shown in Figure 2 in this paper), darker region represents higher similarity (less distance) between corresponding models. If the algorithm is not sensitive to minor topological variations, we get higher similarities for pairs of models from the same group than for pairs of models from different groups. For the distance matrix in Figure 2 (b) , almost all models in the groups with two, three and four holes have high similarities with each other. Also, we established that pairs of models that have high similarity with oneand two-hole models from the second experiment ( Figure 3 ) can be translated in to each other with 180 degree rotations. This suggests that Reeb Graph technique is rather sensitive to small topology variations.
Primitive Models
Hypothesis. The following experiment was performed in order to observe the technique's performance under simple shape Dataset. We created a set of primitive models that consists of cubes, cylinders, tori and spheres to observe how well Reeb Graph technique performs under simple shape variations. There are 296 models in the dataset. Unit models in this set are scaled differently and sharp edges of cubes and cylinders are blended as well. The set consists of 100 cube models, 140 cylinder models, 28 torus models and 28 sphere models. Examples of these models can be found in Figure 4 .
Results. As usual, we computed MRGs for each model and calculated similarity measurements for every possible pair of these models. Based on these values, we constructed the distance matrix that is shown in Figure 5 . In this distance matrix, models were placed in their groups in the manner such that the significance of variations increased from left to right (or from top to bottom). Using the provided distance matrix and manual observation on the models we were able to conclude that the Reeb Graph technique is insensitive to slight shape variations, but becomes more sensitive as variations become more significant.
LEGO Models
Hypothesis. The next experiment we conducted involved more complex models -LEGO pieces, components of popular LEGO Mindstorms robotics kits. The goal of this experiment was to test the technique's performance on a set of models that were made using fixed set of features. LEGO models are good examples for such a set.
Dataset.
We designed 100 (actual number is greater than 100, but only those were chosen for the experiment) LEGO models in ACIS, converted them in to VRML format and constructed four subsets of models through observation. Examples from each group are shown in Figure 6 . The groups are as follows: (a) plates, (b) wheels, (c) cylinder shapes and (d) X-shape axles.
Results. For every model in the dataset we constructed a Multiresolutional Reeb Graph. Then we calculated the similarity for each possible pair of models. Then we constructed the distance matrix shown in Figure 7 . The distance matrix shows high similarity among the Plate and the X-shape axle groups, although we do not see as many dark spots in the Wheel and Cylinder groups. This could be explained by the fact that models inside those two groups may not be considered as similar as the models inside the Plate and the Axle groups. Wheel and Cylinder models have more complex structures and they can only be considered similar by coarse observation.
CAD Groups Experiment
Hypothesis. The goal of this experiment was to establish whether the Reeb Graph technique is able to distinguish between groups of CAD models.
Dataset.
We have created a set of 83 CAD models in VRML format. Several models from this set are shown in Figure 8 . This group contains variety of solid models that are rather similar among several subsets of the initial set. These models were organized in ten different groups through observation.
Results. First, every model was resampled and a Multiresolutional Reeb Graph was obtained for each model. Second, we computed the similarities for each possible pair in the test set. Finally, a distance matrix was constructed for the described dataset. The distance matrix is given in Figure 9 . From the distance matrix we can conclude that the Reeb Graph technique produces quite satisfactory comparative results. We obtain rather dark regions inside the groups along the diagonal, while other regions of distance matrix appear to be lighter. Nonetheless, it is clear that this technique require several improvements. For instance, there is a significant number of white pixels inside several groups which corresponds to small similarities among group members. Also, the number of false-positive comparative results (dark regions not inside the groups along diagonal) that is observed in the distance matrix is rather high. Nonetheless, the bottom line is that Reeb Graph technique could be used in shape retrieval for CAD models.
Refinement Experiment
Hypothesis. Lastly, we wanted to learn how well the Reeb Graph technique performs on the same models with different refinement resolutions. In our datasets VRML models are simply sets of meshes that represent physical object. Every curvature of these objects is represented by meshes approximating form of curvature. Such curvatures can be approximated with a large number of faces (high resolution) or small number of faces (low resolution).
Dataset.
We created three instances of each solid model from the previous set of 83 CAD models using different refinement settings (low, medium and high) for each instance. We used a program Sat2Vrml that translates ACIS SAT models into VRML format. Once all three instances of each model were obtained, we constructed MRGs for them and performed cross comparisons of different instances of each model (three values of similarity were obtained for each model). These procedure is illustrated in Figure 10 .
Results. If we take a look at the pairs that return a similarity value that is less than 0.7 we get total of seven pairs. If we set the threshold to 0.8 then we obtain total of 35 pairs, and for the threshold 0.9 we get 82 pairs out of 249 possible. This suggests that comparisons of the models with different refinement resolutions may not produce accurate results. The main reason for this is in the µ values computation algorithm. With greater refinement resolutions the number of points in the model increases and the values for the µ function change. This leads to a change in MRG structure, that, in turn, affect similarity values during the comparison procedure.
Analysis of Technique
The Reeb Graph technique produces rather acceptable comparison results. Nonetheless, there are several problems with this technique. We try to discuss them in this section. value than pairs of non-similar models). Figure 11 clearly illustrates this issue of the Reeb Graph technique. In addition, some of the models do not appear to be similar enough to any models in their group or to the rest of the test data models. The presence of such neutral models can be found by observing the distance matrix shown in Figure 7 .
Problems with Connectivity of Models. Unfortunately, the Reeb Graph technique is very sensitive to connectivity inside VRML models. A very large number of VRML models, especially ones that are freely available on the Internet, contain significant number of missing faces. Also, some models have sets of faces (triangles) that are completely disjointed from the rest of the model. For instance, a model of a car has four wheels that are not connected to the car's body. If a model is broken (missing faces or disjointed sets) it creates a series of problem during the construction of the MRG and matching. The problems that we encountered while performing our experiments are described below.
Correctness of µ Calculation. Missing faces in the models may result in incorrect µ values. Since calculating µ values is based on Dijkstra's Algorithm for Geodesic Distance, it is very likely that at some point we will encounter a missing edge that has the smallest length. This may cause the algorithm go to a completely different point on the surface of the model. If the number of missing edges is rather high, it is obvious that this may result in incorrect µ values.
Algorithm Complexity. There is another problem that occurs if a model has disjoint sets of faces. As we mentioned before, µ values are calculated using Dijkstra's Algorithm. Therefore, if not all vertices on the model are reachable from the source point (which is exactly the case when we have disjoint sets of faces), then the µ values for these sets may be much lower than the values of the rest of the model. This results in additional subdivisions of edges when MRG is constructed (please refer to Section 4.2 in [1] ). As a result, running time of the algorithm increases.
Connectivity in MRG.
The Presence of missing and disjoint sets of faces results in the most of the major problems with the Reeb Graph algorithm that we have encountered so far. The problem is that if a VRML model has missing and/or disjoint sets of faces, the MRG will contain a large number of standalone (no connections to the rest of the MRG) single nodes or small sets of the nodes. This is caused by the routine that creates these nodes. In a MRG, nodes and connections between them are created based on the connectivity of the vertices that form the VRML model. Therefore, if a set of points is not connected to the other parts of the model, a stand-alone node would be created corresponding to this set of points and so on. Two examples of models with missing faces can be found in Figure 12 .
